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1. INTRODUCTION

Uncertainty refers generally to situations with imperfect or lack of information. Uncertainty comes in many
different types and we use many different interpretations of uncertainty for various situations. Uncertainty itself
may be divided into two types, aleatoric and epistemic. Aleatoric uncertainty refers to uncertainty about a variable
phenomenon while epistemic uncertainty refers to uncertainty stemming from a lack of knowledge [14]. Here the
aleatoric interpretation of uncertainty may be considered to be the basis for probability theory whereas the epistemic
interpretation of uncertainty is known as ignorance. According to Giang [5], these two “extreme’ interpretations
form the basis on which all the other epistemic interpretations of uncertainty are ‘spanned’. Ignorance exists when
information is scarce, contradictory and unreliable. In risk assessments, ignorance can refer to situations with a
high level of uncertainty on the likelihood of events and their consequences [1]. Ignorance may also refer to when
an agent has difficulty in determining the set of alternate states [11].

Suppose a patient has a prescription of a particular drug, but the label on the bottle (with the information
of when the dose should be taken, with what frequency is given) is missing. The patient goes to three experts for
some advice on the dose and frequency required and they get different opinions from each expert (see Appendix
. Taking the response from expert A, the statement is very precise, with little uncertainty. The quantity of the
drug to take is 100 mg. The patient must take it twice a day. The uncertainty here lies at the first dose i.e. when
to take it, but after that, every twelve hours the patient should take another dose. The uncertainty here is part
the execution, not the prescription. Examining the response from expert B, it is very imprecise/uncertain. It is
unclear whether 100 mg is a minimal dose and the natural question is whether this dose will be effective. The
optimum dose is unclear as well as the maximum dose that the patient takes. Examining the response from expert
C, here the alternatives are inconsistent with each other. The patient may think that it is 100mg twice a day or
200mg once a day, and that the expert misspoke. The patient can make out exactly what the instructions say to do,
yet they are contradictory. While expert A gives a precise opinion without (much) uncertainty, experts B and C
give opinions fraught with uncertainty. Yet, the two opinions are nothing alike; expert B gives some indication as
to the quantity of the drug and the frequency of ingesting it required yet drawing meaningful insights from this
data is very difficult, as explained above. This is an example of aleatoric uncertainty. Expert C, gives contradictory
alternatives on what quantity and when to take the drug. This is an excellent example of ignorance, as the patient
has no idea which of the alternatives to pick, and inherently the choices are inconsistent.

In this paper, we will review the differences between uncertainty and ignorance. We will look at traditional
Bayesianism and how it lacks in representing ignorance, while taking into account Laplace’s principle of insufficient
reasoning. We will finally go on to look at probability measures that are successful in distinguishing between
ignorance and uncertainties.

2. IGNORANCE AND BAYESIANISM
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If we roll a fair, cubic die and you ask me what the probability of a 3 coming up is, the answer is
assume we wish to assign a probability to the claim ‘Roald Dahl’s children’s book The BFG has exactly 17122 words
(adapted from [2]). We would not be easily able to assign a probability to this claim, with our knowledge of Dahl’s
works allowing us to say that the value falls within some interval and that all values within this interval are equally
plausible. But we would not be able to assign a probability to the claim of there being exactly 17122 words in ‘“The
BFG’. The simplest version of Bayesianism cannot handle this scenario. In the case of the die, the principle of
insufficient reasoning allows us to use a uniform probability distribution over some interval of values and assign
the probability from that distribution; if there are n equally probable values in the plausible range of number of
words for “The BEG’, each value will be assigned a probability of %

Laplace’s principle of insufficient reasoning (PIR) stems from a lack of information about the initial degrees
of beliefs about any states of a rational agent i.e. when the agent initially has no relevant evidence about the world,
apart from the Bayesian fact that these degrees of belief should be probabilistic. Given the PIR exists, the agent now
has inherent instructions on how to revise their degrees of beliefs when confronted with new evidence and also
when no evidence is provided. PIR is an extremely intuitive concept independently justified in the literature, with
considerations ranging from epistemic utility |10] to risk aversion |20] to evidential support [19]. Yet before the
acceptance of any principle, it has become customary to besiege the principle with paradoxes, the most notable of
which was put forth by Keynes and has since been reformulated in the literature. Keynes |7] asks after the country
of a man whose origins are known to be one of France, Britain or Ireland. By PIR, we assign a probability of 1/3 to
each state. We may disjunctively condense the same probability space by creating a disjunctive outcome ‘British
Isles’, where British Isles = Britain U Ireland. Again by PIR, we assign the probabilities 1/2 to each of France and
British Isles. We have now assigned two incompatible probabilities 1/3 and 1/2 to the state ‘France’, and arrive
at a contradiction. We may argue that PIR cannot be used to specify probabilities in cases of extensive ignorance,
thereby providing constraints for when PIR may be used, and addressing such paradoxes rigorously.

Coming back to our BFG problem, according to Bayesianism, knowing the exact length of BFG is the same
as assigning a low, yet non-zero probability to our claim. Suppose we were also discussing whether the Disney
movie ‘The BFG’ is a good adaptation of the book and we claimed that Dahl himself authored the screenplay to
the film, we would not use the PIR, but would assign the claim a very low probability. Bayesianism does not
distinguish between these two claims; it views both as a confirmation of a low-probability claim. We may be
surprised by the confirmation of a low-probability claim but not by the confirmation of a claim where we assign
each possible state by the same degree of belief. In the absence of a neutral degree of belief, or ignorance, we must
consider propositions which have a large number of possible states each with the same degree of belief, as equally
improbable. Thus any new evidence and hypothesis which supports a particular state, more so than originally
provided by the uniform probability distribution, will then be said to be confirmed.



John Norton [9] criticised these probabilistic notions of ignorance and objected to the claims that there can
be a probability distribution over possible values of some variables when such values are cannot fully be determined
by existing evidence. Norton also objected to the claims that the observed values have low probability rather than a
neutral probability (ignorance). Norton believes that this inability to distinguish between a neutral degree of belief
(ignorance) and low probability values is a crucial flaw in Bayesianism which itself stems from the Bayesian principle
of additivity. Norton believes that a radically different framework can represent Bayesianism and Dempster-Shafer
theory is one such framework that represents both ignorance and probabilistic uncertainty measures.

3. DEMPSTER-SHAFER THEORY AND IMPRECISE PROBABILITIES

The Dempster-Shafer theory (DST) allows us not only to calculate probabilities for a certain event (as in Bayesianism)
but also allows us to base degrees of belief for all the probability in an event [13]. An agent uses evidence that has
bearing not only on a single state within the state of possible worlds but on a larger subset of states withing the set
of all possible worlds. Dempster’s rule assumes that the events for which we have probabilities are independent
with respect to our prior probability judgements, but this independence vanishes when there is conflict between
contradictory pieces of evidence. Because of the generality of DST, it avoids the Bayesian restriction that committing
a belief measure to a possible state implies committing the remaining belief to its negation |6]. Fundamentally, this
discerns DST from orthodox Bayesianism. DST quantifies uncertainty by using two measures of uncertainty, akin to
the Bayesian theory of subjective probability, a belief measure and a plausibility measure. Let W be the set of all
possible worlds. Then the power set, 2%, is the set of all subsets of W. Assigning a belief mass, to all elements of
the power set we obtain m: 2V — [0,1] where m(¢) = 0 and Y gy 7(B) = 1. From these mass assignments, DST
introduces two bounds within which the probabilities can be calculated. The lower bound, belief Bel: 2W 5 10,1]
quantifies the degree of belief assigned confirming the proposition and the upper bound plausibility Pl: 2W — [0,1]
quantifies the degree of belief assigned not dis-confirming the proposition. The two measures are directly related as
shown in the example of a proposition, ®. Here ® C W, Bel(®) < PI(®), PI(®) = 1 - Bel(®°) and PI(®) - Bel(®)
gives a measure of the ignorance in proposition ®. Traditional probability measures are special cases of DST; when
Bel(©) = PI(®) = P(©). DST also does not satisfy additivity which satisfies one of Norton’s rules for a framework
quantifying ignorance.

Imprecise probabilities are also generalisations of probability theory. Instead of a precise value p as the quantifica-
tion of a probability measure of an event ©, P(®) = p, imprecise probability gives a set of probabilities bounded by
the values pl and p2 where pl1 < p < p2. This succeeds in quantifying the aleatoric and epistemic uncertainties
of the proposition in question. Imprecise probabilities may be considered an umbrella term for DST and other
representations of probability theory incorporating the idea of distinguishing ignorance from low probability values.
We give other such examples forthwith. Probability bound analysis evaluates uncertainty with pairs of lower and
upper distribution functions, called p-boxes [4]. F-probability includes intervals into probability values which
follow the Kolmogorov axioms [18]. The fuzzy probability takes into account probability distributions with fuzzy
variables [8]. More recently, a new form of imprecise probability based on the generalised interval was proposed (A
generalised interval being different to a traditional interval ([X] = x € R | a < x < b) in the fact that the interval of
[X] = [a,b] i.e a pair of values instead of a set of values) [17]. Possibility theory represents uncertainty and ignorance
with necessity-possibility pairs analogous to belief-plausibility pairs in DST [3]. Let us formalise this notion of
imprecise probabilities; following on from our earlier notation, let P(K) now be the set of probability distributions
from an agent’s prior knowledge of event, K. Let P(K) C P be a set of probability measures on 2. The lower
probability measure can then be defined as P;: 2" — [0,1]. The upper probability measure can then be defined as
Py: 2W — [0,1]. Here, for some proposition ®, Pr(®) = min{P(®) : P € P(K)} and Py(®) = max{P(®) : P € P(K)}.
Similar to DST, we get Py(®) = 1 - PL(©). We may consider the PI(®)-Py(©) pair and the Bel(©)-P1,(0) pair as
analogous measures across the two theories. This formulation may also be generalised across possibility theory
|21], another candidate for imprecise probabilities which uses possibility and necessity measures to quantify the
uncertainty in events. It is clear however that necessity measures are very special cases of belief functions, however
not all belief functions are necessity measures; examples being probability measures and epsilon-contamination
models [16].

Walley [15] observes that there is no reason that the precise assessment P (®) = Py(®) may be made unlike
the assessment for traditional probability measures when Bel(®) = P/(®) = P(®). Walley also observes that there is
no justification for a Bayesian sensitivity analysis interpretation (SAI) of P(®) and Py(®), which views them as
lower and upper bounds for some unknown ‘underlying linear prevision’, P(®). One of the most fundamental
contributions of DST is that it emphasises that belief functions should not be given a SAI either. We must not
confuse belief functions being represented by a lower envelope of a set of probability measures as the lower bound
for some unknown probability measure [12]. In this respect, DST and other theories of imprecise probabilities are
similar.

4. CONCLUSION

Using a sequence of arguments based on examples, we have shown that there is indeed a significant difference
between uncertainty and ignorance, the most stark of which is the total lack of knowledge or information regarding
ignorance, which is not the case in uncertainties. We go on to show how the use of PIR may lead to paradoxes, but
why it is still intuitive with lack of information, explaining its wide use in Bayesianism. We explain Bayesianism’s
inability to distinguish between low probability claims and ignorance, motivating the need for frameworks of
uncertainty not based on additivity. We end by discussing DST and other imprecise probability measures measures
showing the analogies between representing uncertainty in these theories (PI(®)-Py(®) pair and the Bel(®)-PL(©)
pair) thereby effectively having a generalised form for representing ignorance, as the difference between the upper
and lower measures of probability.
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A. ExAMPLE 1: ADVICE FROM EXPERTS

| Expert | Prescribed Treatment

|
| A | 100mg, once every 12 hours |
| B | At least 100mg, twice a day |
‘ C ‘ 200mg 4 times a day or 100mg once a day ‘




